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The orrespondene between onformal ovariant elds in Minkowski's spae-time and isometri
elds in the ve dimensional anti-deSitter spae-time is extended to a six-dimensional bulk spae
and its regular sub-manifolds, so as to inlude the analysis of evaporating Shwarzshild's blak
holes without loss of quantum unitarity.
I. INTRODUCTION
In 1975 S. Hawking presented his well known informa-
tion loss theorem based on the semilassial Einstein's
equations:
Rµν − 1
R
gµν = 8piG < Tµν >
as applied to the ordinary Kerr and Shwarzshild blak
holes in four-dimensional spae-times. Three possible
outomes were predited: Either the blak hole evapo-
rates leaving no trae of the properties of partiles falling
inside it or, after the evaporation there is a naked singu-
larity or, lastly, there would be a regular remnant of the
blak hole. This result motivated a 30 year debate about
the validity of the quantum unitarity near a blak hole,
leading to the onlusion that either something was miss-
ing in the theorem or that quantum theory in the regime
of strong gravity should be modied [1℄.
In 2004 Hawking presented a new version of the theo-
rem with new and dierent hypothesis: Now quantum
gravity is approahed by Eulidean Path Integral fol-
lowed by a Wik rotation. Instead of the usual blak
holes the theorem refers to extremal blak holes in the
AdS5 bulk. Finally it makes use of the ADS/CFT or-
respondene. The onlusion is also dierent: The quan-
tum unitarity is preserved near the extremal blak hole
and some information an be reovered [2℄.
The use of dierent assumptions makes it diult to
ompare the two theorems on equal footing. If in 1975
ordinary Speial Relativity with the Poinaré symmetry
was used, now the onformal symmetry of Minkowski's
spae is used, leaving the impression is that we are
playing a dierent game. Nonetheless, when disussing
the subjet in lassrooms we an hardly avoid questions
suh as: but then, what happened with the good old
Shwarzshild's solution? Are the Shwarzshild blak
holes still around? If so, an we still apply the ADS/CFT
orrespondene? The purpose of this talk is to show that
it is possible to extend that orrespondene in suh way
that the quantum unitarity near a Shwarzshild blak
hole an also be ensured.
II. CONFORMAL SYMMETRY
Bak in 1909, just after the denition of Minkowski's
spae-time M4 whose metri is invariant under the
Poinaré symmetry, it was found that eletrodynamis
was also ovariant under a larger symmetry, the onfor-
mal group dened by Minkowski's metri [3℄. As it was
later shown by I. Segal, this is in fat the most general
symmetry admitted by Maxwell's equations [4℄. There-
fore, following the same reasoning of Minkowski, we may
ask if there would be a new Conformal Speial Relativity,
with a new spae-time suh that its metri is invariant
under the onformal group of M4.
Even before attempting an answer, it was found that
the use of onformal symmetry in eletrodynamis was
hampered by the ausality priniple. For example, to
maintain the onformal ovariane the solutions of the
eletromagneti potential wave equations must inlude
the advaned Aµ(x+vt) and retarded Aµ(x−vt) ompo-
nents together. The presene of the advaned omponent
implies in a violation of the ausality priniple, whih was
then and still is today a priniple based on a solid intu-
ition: The past must be divided from the future by the
present. A denial of these fats would be a denial of our
most primitive intuitions about time-order [5℄.
On the other hand, the disovery of the four-
dimensional anti-deSitter (AdS4) solutions of Einstein's
equations in 1917 has shown that ausality may also be
violated by gravity, essentially beause the anti-deSitter
solution admits losed time-like geodesis. Thus, if Ein-
stein one gave us a physial meaning to the Riemann
Geometry of abstrat manifolds, deSitter demonstrated
that suh meaning is not neessarily intuitive.
In spite of this non ausal impliation, it was found
muh later that the Lie algebra of the anti-deSitter group
is more onsistent with the super-symmetry than the
Poinaré group [6℄. This means that at least in some the-
oretial situations we may be indued to trade ausality
violations by some elaborated formal development, even
if that theory has not yet been proven experimentally.
A powerful example of this is given by the realization of
type II string theory with E8×E8 in the spae AdS5×S5
2[7℄.
The interest in onformal symmetry reappeared in
1967, when R. Penrose pointed out that the semi-
diret produt struture of the Poinaré group: P4 =
SO(3, 1)
⊙
s T4 implies that the non-homogeneous ation
of the translation subgroup T4 has to be handled sepa-
rately from the homogeneous subgroup in the spinor rep-
resentations of P4. He suggested that the use of the on-
formal group leads to a more onsistent spinor represen-
tation [8℄. The resulting spinor struture, alled twistors,
is well dened in Minkowski's spae-time M4, but it still
resists the generalization to urved spae-times, solutions
of Einstein's equations.
It should be realled that a stronger objetion to the
translational subgroup T4 existed at that time, stating
that in any attempt to ombine the Poinaré group with
an internal or gauge symmetry, all partiles belonging
to the same spin multiplet would neessarily have zero
squared mass dierenes. This is obviously against the
experimental evidenes. After muh debate it was found
that the problem lies within the subgroup T4, whih ats
nilpotently over the remaining of the ombined symme-
try [10, 11℄. As we know today, the adopted solution of
suh No-Go problem as it beome to be known, resides
in the hypothesis that the ombined symmetry is spon-
taneously broken by the Higgs mehanism. Nonetheless,
in the present ontext, it is relevant to stress that if the
Poinaré symmetry is replaed by the deSitter or the anti-
deSitter groups, or in fat by any semi-simple group, then
the No-Go problem would be solved exatly, without su-
persymmetry, giving an additional support to Penrose's
argument in favor of the onformal symmetry [12, 13℄.
The next step in the development of the onformal
symmetry in relativist physis was the invention of the
ADS/CFT orrespondene in 1998 [14℄. This is in essene
a relation between onform-invariant elds inM4 and the
ve-dimensional anti-deSitter gravitational eld AdS5
[15℄. Although the orrespondene was established in the
realm of M-theory, or more speially in the properties
of string theory in the AdS5×S5 spae, it an be applied
to most onform-ovariant elds.
To understand the basis of this orrespondene, re-
all that the four-dimensional anti-deSitter spae-time
AdS4 an be desribed as a hypersurfae of negative on-
stant urvature isometrially embedded in the at spae
M5(3, 2). By simply adding one extra spae-like dimen-
sion, we an easily see that the ve-dimensional negative
onstant urvature surfae AdS5 an also be seen as a
hypersurfae embedded in the at spae M6(4, 2). Sine
AdS5 is a maximally symmetri sub-spae of M6(4, 2),
it follows that any (pseudo) rotation on that sub-spae
orresponds to a onformal transformation in M4, in a-
ordane with the isomorphism
M4
conformal⇐= Co ∼ S0(4, 2) isometric=⇒ AdS5
where it was emphasized that while Co ats onformally
on M4, SO(4, 2) ats isometrially on AdS5. Therefore,
for a given onformally invariant eld dened in M4,
there should be a orresponding isometrially invariant
eld in the gravitational eld of the AdS5 spae.
Example 1: Twistors on the Anti-deSitter spae
Sine twistors are elements of the spinor representation of
the onformal group Co on M4, the above isomorphism
implies that they an also be seen as the spinor repre-
sentations of the group SO(4, 2), here restrited to be
the group of isometries of the AdS5 spae [9℄. There-
fore, the M4-onformal/AdS5-isometri orrespondene
denes twistors in the ve-dimensional gravitational eld
of AdS5.
Example 2: Gauge Fields on the AdS5
The super-symmetri Yang-Mills gauge elds in AdS5
an be onsistently dened in the heteroti E8×E8 string
theory on the 10-dimensional spae AdS5 × S5. There-
fore, using the ADS/CFT orrespondene, in the reverse
order we may derive a superonformal Yang-Mills eld
in M4, orresponding to the isometri Yang-Mills eld in
AdS5. Reiproally, the superonformal Yang-Mills eld
in M4 orresponds to a quantum gauge eld dened on
the gravitational environment of the AdS5, preserving its
main quantum properties, inluding the unitarity.
III. THE M6(4, 2)-ISOMETRIC/M4-CONFORMAL
CORRESPONDENCE
The above orrespondene should be somehow on-
sistent with four-dimensional physis and not just the
AdS5. This may be ahieved by use of the brane-
world theory where, like in the popular Randall-Sundrum
model the spae AdS5 represents the bulk. Aord-
ing to this sheme, all gauge elds are onned to the
four-dimensional brane-worlds, but the geometry of these
subspaes propagates along the extra dimension. The
latter ondition requires that all perturbations of the
brane-world geometry should belong to the lass of four-
manifolds embedded in the same AdS5 bulk. In order
to see this we require some basi understanding of the
geometry of subspaes.
For simpliity we onsider here only the ase of the
4-dimensional brane-world V4 embedded in a ve dimen-
sional bulk spae V5, as given by the embedding map
ZA : V4 → V5 (Here the indies A,B,C...run from 1 to 5.
The indies µ,ν..., run from 1 to 4). Together with the
unit normal vetors ηA, they dene a 5-bein {ZA,α, ηB},
in whih the omponents of the bulk's Riemann tensor
5RABCD an be expressed in terms of the brane-world
metri gµν and the extrinsi urvature kµν as{
5RABCDZA,αZB,βZC,γZD,δ = Rαβγδ−2kα[γkβ]δ (Gauss)
5RABCDZA,αηBZC,γZD,δ = kα[γ;δ] (Codazzi)
These expressions beome the Gauss-Codazzi equations
when the Riemannian metri of the bulk GAB is given. In
the present ase this geometry omes from the Einstein-
Hilbert priniple. Starting from this priniple, the dy-
namis for the embedded brane-world an be derived
3from the above equations. Indeed, from Gauss' equations
we obtain
5RABZA,µZB,ν = Rµν −(gαβkµαkνβ−hkµν)
+5RABCDηAZB,µZC,νηD
5R = R− (K2 − h2) + 2 5RABηAηB
where we have denoted K2 = kµνkµν h = g
µνkµν .
Therefore, the Einstein-Hilbert ation for the bulk de-
omposes into the brane-world geometry as∫
5R√−Gd5v≡
∫ {
R−(K2−h2)+2 5RABηAηB
}√−Gd5v
= α∗
∫
L∗
√
−Gd5v
where we have inluded the Lagrangian L∗ for the on-
ned matter and gauge elds.
Now, in the ases of onstant urvature bulks, like in
the AdS5 ase, we have
5RABCD = Λ∗
6
(GACGBD − GADGBC)
where Λ∗ is a bulk osmologial onstant. Replaing
in the above equations, and applying to a spherially
symmetri brane-world, it follows that the extrinsi ur-
vature has a partiular form kµν = α0gµν , where α0
is an integration onstant whih annot be zero, under
the penalty of produing just a trivial (a plane) solu-
tion kµν = 0. Therefore, the Shwarzshild's solution
embedded in AdS5 neessarily beomes a Shwarzshild-
deSitter spae:
ds2=(1− 2m
r
+ β20r
2)−1dr2 + r2dω2 − (1−2m
r
+ β20r
2)dt2
where β20 = (3α
2
0 − Λ∗). This shows that not all four-
manifolds an be embedded in the AdS5 bulk without
imposing a onstraint in its extrinsi geometry. In par-
tiular the Shwarzshild blak hole annot t into the
AdS5 bulk.
The above arguments show why the Shwarzshild blak
holes were not onsidered in [2℄. On the other hand, it
is not lear to us that extremal blak-holes an be de-
ned and be perturbatively stable in the sense of Nash's
theorem [16℄ within the AdS5 bulk. In order to reinstate
the Shwarzshild blak hole we notie that the spaes
AdS5 and M6(4, 2) have the same 15-parameter group of
isometries SO(4, 2), suh that all arguments based on the
symmetries of the AdS5, an be extended toM6(4, 2). In
addition, it an be extended to all four-dimensional iso-
metrially embedded submanifolds of the M6(4, 2) bulk
and not just those whih are embedded in its AdS5 hy-
persurfae. With this in mind we propose an extension
of the ADS/CFT orrespondene to this larger lass of
four-dimensional subspaes of the M6(4, 2), provided we
may keep a 1:1 orrespondene [17℄. A loal realization of
this extension an be obtained by use of the inverse fun-
tions theorem, when the embedding funtions are also
regular. This is preisely the ondition whih required
by Nash's theorem applied to nd dierentiable solu-
tions of the Gauss-Codazzi equations. The ombination
of the M6(4, 2)-isometri/ M4-onformal orrespondene
with the regular and dierentiable embeddings provides an
extended form of onformal to isometri orrespondene,
whereby a onformally invariant eld in M4 orresponds
to eld on an isometrially and regular embedded brane-
world eld in M6(4, 2). As it happens, M6(4, 2) is the
regular embedding spae for the Shwarzshild solution,
so that using suh extension the unitarity of the quan-
tum gauge elds near a Shwarzshild blak hole may be
implemented.
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